Distribution-free Shewhart-type control charts are proposed for future sample percentiles based on a reference sample. These charts have a key advantage that their in-control run length distribution do not depend on the underlying continuous process distribution. Tables are given to help implement the charts for given sample sizes and false alarm rates. Expressions for the exact run length distribution and the average run length (ARL) are obtained using expectation by conditioning. Properties of the charts are studied, via evaluations of the run length distribution and the ARL. These computations show that in certain cases the proposed charts have attractive ARL properties over standard parametric charts such as the CUSUM and the EWMA. Calculations are illustrated with several short examples. Also included is a numerical example, using data from Montgomery (1997) , where an application of the precedence chart produced slightly different results.
Introduction
It is well known that nonparametric (hereafter NP) or distribution-free control charts can be useful in a variety of statistical process control (SPC) problems. Although these charts have not been the typical choice in traditional SPC applications, recently there is renewed interest in such methods and several authors have discussed where and why such procedures can be appealing; see for example, the recent papers by Woodall (2000) and Woodall and Montgomery (1999) . Intuitively, it is expected that control charts designed with a particular parametric distribution (such as the normal) in mind will be "less efficient" when the true distribution is different and the loss of efficiency will depend on how far the departure actually is. For example, according to Hawkins and Olwell (1998; p. 76) , "CUSUM (charts) designed for normal processes can have a much higher false alarm rate for skewed or heavy-tailed data". With such a motivation, Chakraborti, Van der Laan and Bakir (2000) (hereafter CVB) recently surveyed the literature on univariate variables charts that are nonparametric (NP) or distribution-free in the sense that the in-control run length distrution of the charts do not depend on the underlying process distribution. Besides being quite easy to implement, one key advantage of the distribution-free charts is that one does not need to assume any particular distribution (such as the normal) for the underlying process and the in-control probability calculations and associated conlusions remain valid for any continuous distribution. Also, since nonparametric tests can be more efficient than their parametric counterparts when sampling from skewed or heavy-tailed distributions, one would expect the NP charts to be "better" than the parametric charts in certain situations.
One of the NP charts reviewed by CVB is a two-sided Shewhart-type chart proposed by Janacek and Meikle (1997) (hereafter JM), which tracks the medians of independent test samples, with limits based on an in-control (or, a) reference sample. These authors noted some practical advantages of using median-based control charts. Broadly speaking, these charts are useful since medians are far less sensitive to measurement errors and medians can be determined (from ranks, for example) in situations where measures of quality involve, say, a "subjective assessment of ordinal data". In this paper the JM charts are examined in more detail, various properties are studied and generalizations are proposed. First, it is shown that their procedure is based on the "control median statistic" of Mathisen. (1943) . With this connection, in general, a class of distribution-free two-sample test statistics known as "precedence" statistics is employed to construct a chart for a test (future) sample quantile, including the median. Thus, for example, one can constructa chart for the 75 th percentile (O.75-quantile) of a future test sample. The event when a chart signals (sounds an alarm) an out-of-control situation is called a signaling event and the special signaling event when the process is actually in-control is called a false alarm. Clearly, one would like the probability of a false alarm, or the false alarm rate, to be very small. The in-control distribution of the precedence statistic is given, which is the same for all underlying continuous distributions (distribution-free), so that the false alarm probability is the same for all continuous distributions. For the proposed charts, the exact probability of a false alarm is explicitly derived in terms of the distribution of the precedence statistic. For a desired false alarm rate, the chart constants are obtained so that the chart can be implemented; a table is provided to aid in this process.
The performance of a control chart is usually judged in terms of the "run length" distribution.
The run length random variable N is discrete, taking values 1,2, ... , which represents the number of subgroups (test samples) that are to be observed before a chart gives the first signal. The mean of the run length distribution, the so-called average run length (ARL), is a popular summary measure of a chart's performance. It should be noted that even though we are dealing with a Shewhart-type chart, the run length distribution is not geometric since the signaling events are mutually dependent. As a result, the ARL is not equal to the reciprocal of the probability of a signal. An expression for the exact run length distribution for the proposed chart is derived using a conditioning argument (see for 3 example, Chakraborti, 2000) which yields the exact in-control run length distribution. Exact expressions for the ARL and the exact in-control ARL are found from this. A computer program has been developed to calculate the exact ARL and some results are presented in Section 4. Robustness of the charts is examined, both for the in-control and the out-of-control situations, with respect to the ARL relative to some parametric control charts. We also study the performance of the proposed chart by calculating the probability of detecting an out-of-control situation within k samples for several values of k. For the special case k = 1, these probabilities correspond to the operating characteristic (DC) function (see for example, Montgomery, 1997; pp. 206-208 ) for which we derive exact expressions. We tabulated these probabilities for some well known parametric (such as the normal shift) and semi-parametric family of alternatives, namely the "Lehmann alternatives" and the "proportional hazards" alternatives. The latter two classes of distributions, used more frequently in the reliability literature, seem to offer a convenient compromise (and therefore some flexibility to the quality practitioner), between a completely parametric and a fully nonparametric formulation and solution. Some discussions on this can be found in Section 4. The effect of the size of the reference sample on the run length distribution and the false alarm rate is studied in Section 5. In Section 6 some results for the OC function are given. Finally, an example is given in Section 7 using data from Montgomery (2000) where an application of the precedence chart produced slightly different results.
The proofs of some theorems are presented in the Appendix.
Background and preliminaries
First consider two-sided control charts, one-sided charts will be discussed later. Suppose that a random sample (hereafter referred to as the reference sample) of m observations, Xl' X2"'" Xm' is available from an in-control process with an unknown continuous cumulative distribution function (edf) F. These observations are arranged in an ascending order and two order statistics, X(a:m) declared to be out-of-control and a search for assignable causes might be started.
Charts based on precedence statistics
Let l-lj denote the number of X-observations that "precede" (i.e. are not greater than) Y Un )' In the literature, the statistic l-lj has been called a precedence statistic and a test based on l-lj has been called a "precedence test." Although equivalent forms of this test have been considered by other authors, the name "precedence test" seems to have been coined by Nelson (1963 Nelson ( , 1993 , who
proposed it as a quick and simple nonparametric test for life-test data. Chakraborti and Van der Laan (hereafter CV) (1996, 1997) gave overviews of a rather substantial literature on precedence and precedence-type tests and confidence intervals for various problems including situations where the data contain right-censored observations. In this paper we consider NP or distribution-free control charts based on the precedence statistic. First we define a (NP, or) distribution-free control chart.
Definition: A control chart is distribution-jree if its in-control run length distribution is the same for all continuous process distributions.
When the process is in-control (indicated by the subscript C), the exact probability distribution of the precedence statistic can be obtained (see for example, CV, 1996) either by mathematicalstatistical techniques or simply by combinatorial arguments. This is given by _Jj+:-lm+~=~-wJ
The following figures illustrate the distribution of lVj for some selected values of m, n and}. Note that when n is odd and the chosen test sample quantile is the median, the distribution of lVj is symmetric. The important point is that the in-control distribution of lVj depends only on m, nand j and not on the underlying process distributions F or G. Thus, any decision rule based on llj will be distribution-free as long as the underlying distributions are continuous and identical. The probability that the proposed chart "does not signal" can be expressed in terms of the precedence statistic"J. This is true since the events that Y(j:n) lies between two X-order statistics X(a:m) and X(b:m) (where 1~a < b~m) and that the precedence statistic "J lies between a and b -1, with both endpoints included, are the same. Thus,
say. Note that the coverage probability P in (2) is in fact the DC function of the proposed chart and that 1 -the coverage probability =the probability of an alarm. A general expression for P is given in Section 4.
Let Po be the in-control value of p, so that 1 -Po is the probability of a false alarm or the false alarm rate. Thus, po = Pc (a~W j~b -1) =p(m,n,j;F,F). Using (1) and (2), the chart constants a and b (1 ::; a < b ::;m) can be found such that
Note that the inequality in (3) is used to accommodate the discreteness of W j • The control limits are typically found by setting Po (or 1 -Po) to some desirable high (or low) value, say Po (or 1 -Po), finding a and b, and then locating LCL = X(a:m) and UCL = X(b:m).
Remark 1:
In practice, the false alarm rate of a control chart is often specified to be equal to some given value (such as 0.0027). However, since the precedence statistic is a discrete random variable, there is a possibility that the specified false alarm probability will not be exactly achieved. Remark 2: Sometimes it is desirable to design a chart with a specified in-control ARL (say ARLo). In our case, since the control limits are estimated, the signaling events are dependent (even though the test samples are independent) and so the run length distribution is not geometric. As a result, the relationship between ARLo and the false alarm rate is not a simple one. Using a conditioning argument, an exact expression for the in-control ARL is derived in Section 4. In principle, this expression can be evaluated and solved for chart constants a and b, for given values of ARLo, m, nand j. This, in principle, is not so hard. One can adopt a Newton-type algorithm that stops when the achieved ARL is within a specified distance from the specified value. One needs to note that the ARL is increasing in b and decreasing in a. For the median, one can find a and take b =m -a + 1, which leads to a unique solution. For other quantiles more than one solutions are possible. Because of the complexity, however, we suggest finding a and b for a given false alarm rate. A computer program has been written for this purpose.
A second option might be to use a reference sample large enough (large m) such that the effects of estimating the limits (variation in the X-order statistics) can be virtually ignored. In that case ARLo = (1 -porI, so that for a specified ARLo, one can take (ARLo -1)/ARLo =po in (3) and solve for a and b.
The question of how large m has to be for this to be appropriate will be addressed later.
The median chart
For purposes of illustration, we concentrate on the median chart. As noted in the introduction, the case of the median is important for at least two practical reasons. First, the median is a robust estimator of the location and is preferred in situations where "large" measurement errors are expected.
Secondly, the median is a more flexible estimator of location applicable in more diverse situations unlike the mean. For example, the median can be determined only from the ranks of the measurements. Our basic approach, however, is general and can be used for other sample quantiles or percentiles.
For simplicity, let n be odd, say 2s + 1, so that the median of the Y-sample, Y Un )' is uniquely defined with j =s + 1. In this case, the· precedence statistic W s +1 is in fact the median statistic of Mathisen (1943) . The in-control distribution of W s +l, given by (1), is symmetric, and a reasonable 8 choice for b is m -a + 1. Thus, using (3), the constant a~1) can be determined as the largest integer such that (4) where 1 -Po is the specified value of the false alarm rate. After a is found, b is taken to be m -a + 1.
Note that using symmetry, (4) can be written as Pe(O~W j~a -1)~(1-P o )/2 and this is more convenient to work with in practice. A computer program was written to solve equation (4). In Table   1 , (a, b = m -a + 1) values are provided for m =50,100,500,1000, n = 5,11,25 and Po = 0.99,0.995, 0.9973. In each case, the values of Pc(O~W j~a -l) and Pe(m-a+l~W j~m ) are also given (together with the actual value of the in-control average run length; to be discussed later). To calculate the actual exact false alarm rate, one simply adds these to probabilities. Outside the range of the table one can use a direct enumeration or a computer program available from the authors. Note also that the process of finding a (hence the control chart) is similar (but not the same) to that of finding a confidence interval for the median of a continuous population based on the sign statistic (see for example, Gibbons and Chakraborti, 1992) .
Example: Suppose m = 50 and n = 5. Thenj = 3, corresponding to the test sample median. Let Po to be 0.99 so that the nominal false alarm rate is 0.01. From Table 1 , we get a = 3 and b = 48 with P C (X(3:50)::; Y(3:5) ::; X(48:50») = 1 -2*0.0036 = 0.9928. Thus, the distribution-free control chart is given by the 3 rd and the 48 th reference sample order statistics, i.e., LCL = X (3:50) and VCL = X (48:50)' The exact false alarm rate achieved for this chart is equal to 2 * 0.0036 = 0.0072.
Remark 3: It may be noted that the achieved false alarm rate of 0.0072 in the example is smaller than the nominal value of 0.01. This is consistent with remark 1, given the discrete in-control distribution of "), the given values of m, n, j, and the desired nominal false alarm rate 1 -Po. Also, as was indicated earlier, this is a common occurrence when dealing with many nonparametric procedures whether used for usual hypothesis testing or for setting up confidence intervals. For larger values of m, however, this is less likely to be the situation. For example, if m = 500 instead, the same tables yield a = 40 so that LCL = X (40:500) and VCL = X (461:500)' with the actual false alarm rate equal to 2*0.00477 = 0.00954, much closer to the nominal value.
Remark 4: An important practical question for the NP chart user is: what false alarm rates are available for choosing, given the values of m, nand j. In practice, m will probably be larger than n since it is often easier to obtain historical or reference data. For m = 50,100,500,1000, n = 5,11,25 andj =(n + 1)/2, the achievable false alarm probabilities can be seen in Table 1 . For completeness and later reference, the steps of the proposed control charting procedure are enumerated below.
Step 1 Start with a reference sample of size m.
Step 2 Select a test sample size n. Select the test sample quantile (for example, the median) to be. monitored. This determines j for a given n.
Step 3 Specify the false alarm rate 1 -Po. Find, using (4), the constant a. Use Table 1 
Control charts for other sample quantiles
Situations might arise in practice where quantiles other than the median of the test samples are of interest. For example, one might be interested in the 20 th or the 75 th percentile of the distribution.
Here, in principle, one could proceed as outlined in steps 1-4, but since the distribution of "J is not symmetric in this case, the choice of a and b is more involved. We propose the following "equaltailed" procedure, when the 1OOlh (0 < q < 1) percentile is of interest.
Find the largest integer a (l =5: a =5: [mq] ) such that 
Note that this procedure is similar to setting up the critical region for, say the sign test, for an arbitrary population quantile.
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A computer program has been developed to solve these equations; results for some combinations of m, n, j and Po are given in Table 2 . =X(ll:m) , where a can be found from (5) by setting the right hand side equal to (1 -Po).
The performance of a control chart is often studied with respect to its run length distribution, particularly in Phase II applications. The run length random variable is N, the number of test samples to be collected before the chart gives the first signal of a change. This is discussed in the following. The quantity Ex (p~) can be calculated by noting that (b:m) where u(e:l) is the e th order statistic of a sample of size l from the Uniform(O,I) distribution. Thus, j,n-J+l) wheref(t) is the density function of U(b:m) . Simplifying this expression further, we get
say. The run length probability distribution for the upper one-sided chart is given by
.., and D: (0) = 1.
For the two-sided charts one can proceed along the same lines. Here, given the control limits, N follows a geometric distribution with probability p given in (2). Thus for k =1,2,....
P(N=k)=E (k-I_ k). X(lI:m),X(h:m)

P P
The quantity EX(a:m),X(b:m) (pk) can be calculated by noting that so that 
say. The run length probability distribution for the two-sided chart is given by
Now we look at some special situations. First consider the in-control case.
In-control run length distribution
For the one-sided chart, using (8), the in-control run length distribution is given by and
For the two-sided chart, using (9), the in-control run length distribution is given by
and
Expressions (11) and (12) (j,n-j+l) This gives an alternative expression for the probability PO.
Average run length (ARL)
One popular characteristic of the run length distribution is the average or the mean of the run length distribution, the so-called ARL. From a practical standpoint, it is desirable that the in-control ARL of the chart be "high", whereas the out-of-control ARL be "low". The ARL of the chart can be calculated from the run length distribution discussed above.
Remark 6: An alternative view of the ARL: Given the X-order statistics (the lower and the upper control limits), the run length distribution is geometric with probability p, where p is given in (2), so xpressions clearly show that the in-control ARL of the charts does not depend on either F or G, in other words, the proposed chart is distribution-free.
It should be noted that for both the one-sided and the two-sided charts, certain conditions on the constants a, b, j, m and n need to be satisfied in order for the in-control ARL to be finite. These are important practical consideration in order to implement the charts. The necessary conditions are given in the following theorem.
Theorem 1 (a) For the one-sided precedence control chart,
(b) For the two-sided precedence control chart, ARLo < 00 iff (a -j)(n -j + 1) + j(m -b + 1) > O.
Proof: The proof is given in the Appendix.
Remark 7: For the median chart take b =m -a + 1 everywhere above.
Using Remark 6, the in-control and out-of-control ARL of the proposed charts are obtained and shown below.
4.2.1
In-control ARL Assuming that it exists, the in-control ARL, for the one-sided chart is given by (14) where
Assuming that it exists, the in-control ARL for the two-sided chart is given by
where
. 1
ll-i(-I)h(ll-i)i+h i+h C(s,t,j,ll)
The ARLo values are evaluated for some two-sided charts with a given probability of false alarm such as 0.90 or 0.9973. These charts and the corresponding ARLo values are shown in Tables 1 and 2, for the median and other quantiles, respectively. Now let us consider the out-of-control ARL.
Out-of-control ARL
For the one-sided chart, the ARL is given by
ARL(l) =J[l-Fl(t,j,n,F,G)]-1 m! t b -1 (l_t)m-b dt ,
o (b -1)!(m -b)! where F (t,j,n,F,G)= . 1. n
:r./ (-.I)h [n-j\GF-1(t)]j+h. 1 B(j,n-1+1) h=O J+h h)
For the two-sided chart, the ARL is given by
The out-of-control ARL values are evaluated and commented upon later.
4.3
Run length distribution and ARL under some specific alternatives
Run length distribution
As noted before, the run length distribution is of interest in studying the performance of a control chart. For example, one might ask, if the process mean has shifted from the in-control value, what is the probability that the chart will signal on the first test sample, or on the second test sample, or, in general, on the k th test sample? As also noted earlier, the distribution of N is not geometric when the limits are estimated so that standard formulas based on the geometric distribution are not appropriate. General expressions for the run length distribution were given earlier ( (8) 
-H-I(u)).
Y2 Y2
For " Lehmann alternatives," G(x) =FO (x), where x E 9\ and <5 E 9\+ , ljI(u) =i>.
For "proportional-hazards" alternatives,
Remark 8: It is clear that the run length distribution can be calculated when the change from incontrol to out-of-control, or, more generally, the relationship between F and G is specified through ljI. If the underlying distributions are, for example, normal with variance 1, Theorem 2, part (a), gives ljI(u) =<p(<<I>-1 (u) -8) , where 8 =8 2 -8 1 so that the change is described in terms of the difference between the means of the distributions. The real problem, of course, is that in many practical situations the underlying distributions can not be completely specified. In the context of nonparametric (rank) tests, Lehmann (1953) suggested using (the model) G = po, where <5 > 0, is an unknown parameter that describes how F and G differ. This relationship is known as the "Lehmann alternatives (LE)." Another interpretation is that when tf is a positive integer, G is the cdf of the maximum of <5 i.i.d. random variables with cdf F. The assumed relationship between F and G is a "semi-parametric" formulation, with a practical advantage that under this model, power calculations of various rank tests are greatly simplified. Clearly, when <5 =1 the process is in-control. It appears that these alternatives have an important role to play in the context of (nonparametric) control charts. An example of a family of densities belonging to this class is shown in Figure 2. ;;., It may be noted that as 8 changes from I, the mean and the variance of the distribution G are both altered. For illustration, we provide some numerical values from Van der Laan (1970) , under the assumption that F corresponds to the standard normal distribution. shown that under the PH alternatives, the ratio of the hazard functions corresponding to G and F is a constant, which is a reasonable assumption in some SPC applications.
To illustrate the run length distribution calculations, we computed peN~k) for several values of k for a given two-sided precedence chart. We considered three cases for which the in-control ARL 21 is between 500 and 600 (see Table 1 ). Table 3 .
This table also shows probabilities for the in-control case which are of course the probabilities of a false alarm. Since the precedence chart is distribution-free, these probabilities do not depend on F and G.
We observe that the control charts 1 and 3 are much better in detecting departures from the incontrol case than chart 2. For example, we observe that for case 2 peN~10) = 0.376 if the alternative is normal and the shift e=0.5, whereas for case 1 and 3 we have peN~10) = 0.736 and peN~10) = 0.744, respectively. This is not surprising because of the larger values of m and/or n. The more or less similar behavior of charts 1 and 3 is explained by the larger value of m for chart 3, which increases the run length probabilities of chart 3, and the larger value of Po for chart 3, which decreases the run length probabilities of chart 3.
ARL
Using equations (16) and (17) 
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Again, for example, under the normal shift alternatives, the out-of-control ARL of the proposed two-sided precedence chart is given by
For the LE alternative we have the following theorem, which is similar to Theorem 1.
Theorem 3
In case of the Lehmann alternative ljI(s) = s'j (w.l.o.g. take 8:::; 1), we have (a) For the one-sided chart,
The combination of Theorem 1 and Theorem 4 implies that for the two-sided case it is possible to design a chart with an infinite ARLo and a finite ARLo, whereas this is impossible for the one-sided case.
We discuss the in-control and the out-of-control ARL values in the context of robustness of control charts in the next section.
Robustness
One of the nice properties of NP control charts is that the in-control ARL does not depend on the underlying process distribution. However, the normal theory based (in general parametric) charts are often highly affected by a change in the underlying distribution. Since precedence charts are based on test samples of size n, we compare these charts with parametric charts based on subgroup size n. Amin, Reynolds and Bakir (1995) show that the in-control ARL of the normal-based X chart, based on subgroup size n = 10, depends very much on the underlying distribution. For heavy-tailed distributions the false alarm rates may become unacceptably high. In their case, when the underlying distribution is exponential (or Gamma(l,l)), the false alarm rate is 5 times higher than under normality. To examine the in-control ARL-sensitivity of other standard charts such as the CUSUM and the EWMA, for subgroup sizes larger than 1, we examined several situations. We restrict ourselves to subgroup size n = 5. Therefore, a shift of [a corresponds to a shift of J5 [a x .
We first choose the parameters of the parametric charts such that they are good charts to detect either a small or a large shift when normality is fulfilled. Using programs ANYARL and ANYGETH (Hawkins and Olwell, 1998 ; Chapter 10), we found that when the underlying distribution is normal, the optimal values of the chart parameters, (h, k) Montgomery, 1997; p. 338) .
In order to examine the in-control ARL-robustness of these charts, we computed the in-control ARL's for these charts based on the normal distribution with mean J1 and variance d, for some nonnormal distributions, but with the same mean and the same variance as that of the normal distribution.
As for non-normal distributions, the t and the Laplace distributions were used to investigate the effect of heavy tails, the uniform distribution was used to study the effect of light tails and the gamma distributions were used to examine the possible effect of skewness. In addition, to study the effect of a change in the process variance, we computed the ARL's for these charts based on the normal(O,I) distribution and for the normal(O, 1.1) distribution. The results are shown in Table 4 .
The conclusions drawn from the above table are clear. The CUSUM in-control ARL is very sensitive to the departures from normality and for a change of the variance, especially when it is· designed to detect a large shift. The EWMA chart, on the other hand, is quite robust against such departures from normality, especially when A is small. This conclusion is also drawn in Borror, Montgomery and Runger (1999) for EWMA charts for individuals. The EWMA chart, however, does not appear to be robust against a change of the variance. To be able to compare the out-of-control ARL's, next we computed the ARL's for three distributions: normal(O,l), t(4) and r(1,I). The chart parameters were adjusted in such a way that the in-control ARL of each of the charts is (approximately) equal to 500. The results are shown in Tables   5,6 and 7, respectively.
The conclusions are as follows. The CUSUM and EWMA charts are better for both normal and f'0,1). For normal, the differences between the precedence chart and parametric charts are not so large for shifts larger than 1.50'. This is not surprising since the proposed charts are Shewhart type charts. For t(4), small shifts are better detected by the CUSUM (with small k) and the EWMA (with small It) charts, whereas large shifts are better detected by the precedence charts. are two specified quantiles of F, given 0 < PI < P 2 < 1. The quantity j can be found given n, PI, P2 and a specified value of the probability, say, P(~PI ::; ¥;j:n) ::;~P2)' from the binomial tables.
However, when F is unknown, as in the present case, the population quantiles can be estimated by taking a reference (X-) 
where feu; j, n -j +1) is the density function of the Beta-distribution with parameters j and n -j + 1.
The probability p(2), of course, is simply given by the left-hand side of (3).
The expressions for pO) and p(2) were evaluated with n =7, j =4, PI =0.1, P2 =0.9 , n =7, j =3, PI =0.1, P2 =0.9 and n =25, j =13, PI =0.1, P2 =0.7 , for various values of m ranging from 100 to 100,000. These values were chosen so that p(l) resembled what might be a Po value in a typical application. The results are shown in Table 8 . An inspection of the entries in the table makes the effect of the size of the reference sample quite clear. For m = 1,000 or more, the two probabilities are reasonably close, suggesting that the Xorder statistics are "very close" to their population counterparts, so that one could ignore the dependence caused by estimation of the control limits. Put another way, for m around 1,000, one could approximate the in-control run-length distribution of the proposed charts by the geometric with the probability of a signal equal to 1-PC~PI~Y Un )~~P2 ), where PI = a / m and P2 = b / m . It follows that for such values of m, the ARLo is equal to the reciprocal of the probability of a signal.
However, for small to moderate values of m, exact calculations, using the formulas given earlier, are recommended.
Operating characteristic (Oe) function
Consider the case of two-sided charts (one-sided charts can be treated similarly). As noted earlier, the properties of the chart depends on the coverage probability p =p(m,n,j;F,Gh) which is the OC function. For example, the probability of a false alarm is simply 1 -p(m,n,j;F,F) . In this section.
we examine the probability p in more detail. The following result is useful to study properties of the chart when the process is not necessarily in-control. (r;m,n,j,F,G) ,
where
Proof: The result follows from the fact that p =Pea ::; l-lj ::; b -1), together with a result from CV (1996) about the distribution of the precedence statistic l-lj.
Remark 10: In the in-control case, the integral fin (19) can be evaluated exactly and this yields j,n-j+l) This expression simplifies to the left hand of (3).
Remark 11:
The integral fer; m, n, j) in (19) can be re-written as
Thus, the properties of the OC function of the proposed charts depend on the underlying process distributions through the composite function VI =FG- 
OC function for normal shift alternatives (NS)
Assume that G(t) = <I>(t-e) and F(t) =<I>(t), where <I> is the standard normal cdf. Thus e represents the shift in the mean. Writing H =<1>, e l =0, e 2 =e, and applying (a) in Theorem 2 and simplifying, the OC function for the normal shift alternatives is found to be (t) . (20) r=a B(j,n -j +1)_00
OC function for Lehmann alternatives (LE)
Under Lehmann alternatives, considerable simplification is achieved since here lfI{s) = SIltf and therefore the integral I(r,m,n,j) can be calculated exactly. After some simplifications, the OC function is obtained,
6.3 OC function for proportional hazards alternatives (PH)
Under the PH alternatives, as noted in Theorem 2, part (e), we have here lJI(u) = 1-(1-U)l/li and the integral I(r,m,n,j) can also be exactly evaluated. After some simplifications, the OC function is
Remark 12: All computations in this paper are done in Mathematica 3.0 (see Wolfram, 1996) . We wrote Mathematica notebooks to design precedence charts for given values of m, n, j and po. These 32 notebooks are also suitable for computing in-and out-of-control ARL-values. The notebooks are available from the third author. Montgomery (1997; Table 6 .1) gives a set of data on the inside diameters of piston rings manufactured by a forging process. Twenty-five samples, each of size five, were collected when the process was thought to be in-control. Traditional Shewhart X-bar and R charts provided no indication of an out-of-control condition, so these "trial" limits were adopted for use in on-line (Phase II) process control. Fifteen additional (test) samples were then collected (Montgomery, 1997; Table 6 .2) from the same process and compared against these control charts. For the same data we construct a precedence control chart by treating the whole set of 125 (25 x It is seen that for the precedence chart the 3i h sample was a close call (the control statistic value was equal to the VCL) and the chart signaled on the 39 th sample. The original Shewhart X-bar chart for these data showed all three of the 3i h , 38 th and the 39 th points above the corresponding VCL and the 40 th point almost equal to the VCL. However, the X-bar chart had a false alarm rate (at best approximately) equal to 0.0027, whereas the precedence chart has an exact false alarm rate of 0.0019.
Numerical Example
In addition, the calculations needed for the proposed chart are also quite simple. Further, it is not necessary to check on the variance. Thus, it seems that in practice the precedence charts can provide an attractive alternative to the usual parametric charts. Combination of *5, *8,*12 and *14 completes the proof.
Proof of Theorem 1 (part a)
For the one-sided case we have Therefore, the results *4 and *13 can be used to finish the proof.
Q.E.D.
Note that the transformation of the integration variables (*6) and corresponding integrating regions is not only of theoretical importance. We found that the implementation of the numerical integrals converges faster and is more stable when we use the transformed variables and region to deal with the area near the singularity.
Proof of Theorem 3 (part b)
Let Il =1/b and assume without loss of generality Il~1. Then, we use * 1 and *2 with sand t replaced Theorem 3, part a, can be proved similarly.
Theorem 5: In the median case we have PPH(N =k) =PL/f..N =k).
Proof:
From equation (8) =II [P{l-(1-v) 
O~U(j:n)~l-(1-u)O}]k f(u,v) dvdu
00
where we use the fact that U (j:n) -1-U (j:n) , because j is the median and we use the definition offand the fact that a-I =m -b for the median case to observe that.f (v,u) =.f(l-u,l-v).
